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« Scale in Flow Modeling

 Knudsen Number and Flow Equations

* Influences at Different Scale

« Different Approaches to Modeling Transition Flow

» Examples of Modeling Transition Flow of Gases
« Higher Order Slip Flow

» Flow profile — pressure dependence (first order and second order slip approximation)
» Validating the model through standard flow (helium and nitrogen)
» Variation of Knudsen flow along the pore

« Self Diffusion modification of Navier Stokes Equation
 Example of binary flow

» Summary
» Other Approaches

Page 2



Scales in Flow Modeling @

Modified Continuum Modeling
T Continuum (Navier-Stokes)
ime -
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Knudsen Number and Flow Equations @

» Scale is important to Flow Modeling

« Continuum Flow is the result of average behavior of huge number of particles
At smaller scale, there is significant variation from averaging assumptions
Boltzmann Equation is difficult to solve for large Scale

Transition Flow regime can use approximations of Boltzmann Equation to solve
Knudsen Number provides indication of range of Equation validations

Kn (Knudsen Number) = A/L

Boltzmann Equation A flow molecular mean free path length
L distance between boundaries

Burnett or Approx Monte Carlo or

Navier-Stokes Boltzmann Angular Coef Method
Kn

0.001 0.01 0.1 1O 10.0

Continuum Slip (_ Transition Free Molecular Flow

gv T 2
Transition between o (E +v- T-"v) =—-Vp+V- '[_u.- (Vv + (Vv) }} + ?(E AT v) + pg
: _ : 3
Laminar N-S Equation a_fer V- (pv) =0
and ar i af fis a distribution function of
_ d . .y -

Full Boltzmann E +E&-Vf = . + (ﬂt)m:: particle positions and velocity
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Transition Regime

Length Scale for Different Kn

: 1000
Continuum|
Regime . a
100 |
| Transition |
E Regime - Knudsen
E ] | =
E 1
S
o 01 |

~ Slip Flow
" Regime

0.001 °

0.001 0.01 0.1 1 10 100
Ethylene transition
Knudsen Number @ 0 Cand atmospheric pressure  egime between .003
and .3 micron
e Helium  =——=Hydrogen =—HNitrogen =—Methane -——=Ethylene
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Momentum Transfer

+1‘TT TT‘H

Boundary Layer Develops

o./“.
o’/

In continuum regime, the momentum reflected off
the wall is transferred towards the center of the
fluid by molecular collisions and reducing the
forward momentum near the wall resulting in a
parabolic forward momentum distribution

T

For perfectly
reflecting wall,
velocity at wall is
the amount of
velocity change
which can be
moved to the wall
in the mean free
path distance

A ovion

rrrrTrrres

In Knudsen regime, the momentum reflected
off the wall is transferred to the other wall
keeping the forward momentum uniform across
the channel diameter
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Slip Flow through Channel @

Assuming narrow gap through parallel plates, perfect gas, dynamic

viscosity is pressure independent _
where Q,, volumetric flow rate at outlet

AP = Difference between Outlet and Inlet Press
AP P, w b? P., = Average of Outlet and Inlet Press
Qm = 12 ,|U'R T L {1 +6 A]-Kﬂ) w = channel width
b = channel gap (height)
K = dynamic viscosity
R = gas constant
T = Absolute Temperature

Wall boundary condition L = Length of channel
Al = Reflectivity Factor (typically between 1to 1.4)
7 = Hl"]"'_ Pin(3)=33000 Surface: Velocity magnitude (m/s)

*x107

a.” x107 . . ‘ . ‘ . T T T w ; ] 9290335107

Non-zero flow at wall

v
where an is the derivative of velocity normal to boundary,

2—a

Ay = , and o diffusive reflection fraction

o

80

75

Slip factor can be used to indicate the
increase of the flow against nonslip flow .|

S=1+6A4,K, |

70

65

L L L 1 L 1 L L L L 1 1 L
-0.001 o] 0001 0002 0003 0004 0005 0006 0007 0008 0009 001 0011 ¥61222x107°




Approaches to Transition Flow <>

Transition Flow Is still an area of active research
» Higher Order Slip Flow

‘e av . a': 7
+ Boundary Condition v = 4A=-+4,2=—

» Diffusion Modified Navier Stokes Equation
+ Introduces a self diffusion term 22 +v. (ov) = ~v?

» Burnett Equation
» Approximate Boltzmann Equation to 2" order in Kn

» Molecular Dynamics
» Direct Simulation Monte-Carlo

» Boltzmann BGK
« COMSOL method - Simplifies Collision Operator term (ﬁ)mu

at
» Dusty Gas




2" Slip: Impact of Pressure on Pure Gases

As the average pressure
goes down, the Knudsen
number goes up and
molecules are able to recoill
further from the walls. This
results in less drag on the
wall, so the velocity profile
flattens.

Inlet Welocity (m/s)

Helium has higher Knudsen
number than Nitrogen so for
the same conditions it has
more slip on the wall

T

Velocity across Channel Inlet (m/s) (Various Pressure Drop)

”_,/""-“-- -H-H'\H —— 0.44 psi, He
//'/ “‘\\ — 5,22 psi, He | T
g A —— 15.7 psi, He
7 i AN . ]
~ Increasing Kn N 0.44 psi, N2
/ | ——5.22 psi, N2 | |
/ N\ 15.7 psi, N2
/ -
/ N
/ \
Ve N\
| 1.14 p \
IJJI \\
:'f ‘\_\
..r"j ‘\
/ \
/ \
/-"'H—_.f-'”_.—r— --_“_‘-_H‘u‘"“----..
_// "‘-..“H-
- ~~
- “H‘-..‘
// -~
- n.“"\‘
// ~.
_—— -_—
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11

Channel Width (um)

Channel width: 1.14 um
Outlet pressure: 4.35 psia
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Local Knudsen Number

» Knudsen Number is Pressure Dependent

 Knudsen Number at Average Pressure is Often Used
« Amount of Slip at the Wall depends on the local Pressure

Local Knudsen Number along Channel Length (Various Dp)

Local Knudsen number
varies inversely with the
Local Pressure

The greater the pressure
drop, the greater the
variation of the Slip

Actual Knudsen Number (1)

t
0.4 F

0.38

0.36

0.34 F

032

0.3

0.28 -

0.26 -

0.24 +

0.22

0.2 F

0.18

0.16

0.14

012

0.1

0.08 |

0.06 F

0.04 L

—— 0.44 psi,
| — s5.22psi,
—— 15.7 psi,
0.44 psi,
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N2
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—
—
—
= e
e —
e
i
—

o ——
—

1
2000

1
3000

1 1 1 1
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1 1 1
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Slip Order and Slip Coefficient

T

> 2" Order Slip factor increases for larger Knudsen #

5~

Nitrogen A;= 1.3, A, =0.26
HeliumA;=1.2, A, =0.23

A, determined by molecular
spectroscopy techniques for glass
and silicon

A, determined by fitting data

The Slip Coefficient is significantly
increased when the Local Kn
(instead of the Kn at average

pressure) is used to solve for Flow

1+ 6A,K,+ 124, K2

Slip Coefficient (Volume Flow/ Navier-Stokes Flow)

4.4

4.2

3.8

3.6

3.4 F

3.2+

2.8

2.8

2.4 +

2.2+

1.8

1.6

Comparison of Different Order Slip Coefficient Fixed Kn vs, Local Kn

L | — He, 1st order Slip- Local Kn

—— He, 2nd order Slip- Local Kn
—— N2, 2nd order Slip - Local Kn

N2, 1st erder Slip - Local Kn
—— He, 2nd order Slip- fix Kn

o s
He, 1st erder Slip- fix kKn 2
_»-'/r
~
~
7~
~
~
~
~
F 7~
~
7
-
-~

s

01 013 0.2 0,25 0.3 0,35 0.4

Knudsen Number

Channel width: 1.14 um

Outlet pressure: 4.35 psia

*Maurer, J., Tabeling, P., Joseph, P. & Willaime, H. "Second-order slip laws in microchannels for helium and nitrogen" Physics of Fluids 15, 2613-2621 (2003).
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Second Order Slip in COMSOL

> Input 2" Order as moving wall

e Input 15t Order with Slip Length

 Need to change discretization to
calculate 2" Derivatives |

] FlOW In X-dlrectlon Show eguation assuming:

Study 1, Stationary -
= — L
£ Global Definitions U-Uyt=—Tpnt
Pi Parameters ~ Equation VTR . S
a= Variables 2 Equation form: Uyt = Uy - (W -N)N
[ Model1 {modl)
= Definitions IStud!f controlled "] ~ Boundary Condition
a= Variables 1a Show equation assuming: Boundary condition:
Jau Integration 1 (intg, _ '
Jau Integration 2 (intq, lStudy 1, Stationary '] [Slip velocity -
Jeu Integration 3 (intg, ) ] ]
1 ™2 Velocity of moving wall:
1 Boundary System pu-Viu=V- [‘Pl + ﬂ(?u + (Vu) J - EHET - Ujl] +F Y ¢
i i -A2*mfpath”2*%u
. =] View1 V. (pu)=0 Uy P Yy m/s
MP\ Geometry 1 0
#8 Materials Pl Modd
== Laminar Flow (spf) v ) Use viscous slip
) Fluid Properties 1 b Advanced Settings Slip length:
= Wall 1 '
21 Equation View || ¥ Discretization [User defined -
2 Initial Values 1 Discretization of fluids: L mfpath*((2-sigma)/sigma) m
= Inlet 1
= Qutlet1 [PJ_ ~ Pl "] [ Use thermal creep
e P1+P1
Bl Meshl : :
. ;: vl P2+ P1 ~ Constraint Settings
= U0 _ P3 + P2
282 Parametric Sweep Use weak constraints
[~ Step1: Stationary = Dependent Variables
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Self Diffusion Model in COMSOL

_______

-

i Model 1 (modl) * || © Weak Contribution a g AN
= Definitions P / \
- . . I Ly D i
a= Variables 1a Domain Selection — + F L] {pv:} —_— .\—?m !
AY ’
w Integration 1 (intopl N !
f 9 i {_ Pl Selection: | Manual Vl at . e
Jau Integration 2 (intop2) —y e 0| SSeea- -
; 1 By . . . .
¢ Maximum 1 (maxop]) = - | Add as a weak contribution in Laminar flow model
1+ Boundary System 1 (sys1) )
View 1 '3'
A Geometry 1 =
# Materials - Variables
== Laminar Flow (spf) : — - - —
© Fluid Properties 1 » Override and Contribution Name Expression Unit Description
= Wall 1 Df spf.mu/spf.rho m3/s
2= - R
o Initial Val 1 Weak Contribution mdotD1 -spf.rho*Dfc*px/p kg/(m*s)  Mass transport
o I::el‘?l e Weak expression: taull 4/3*mdotD1*u Pa MT diffusive xx term
e T < El Ari - B
S Outlet 1 ,: -dmdotDDx*test(p) :, _—_g‘f_ay_l_llt _____ ditaull g N/im derivative of taull in X
[ B 1] e <.__gm_d_otD1)( d(mdotD1,x) kg/(m®s)  derivative of Mass Tra_n_sggg;__ F
- Volume Force 1 * Quadrature Settings udiffl  mdotI/spTinG /s Ditfiision Velocity
= Weak Contribution 1 tot diffl Total Velaci
& Mesh 1 Use automatic quadrature settings uie trud i otal Veladty
%2 Study 1 =
17 fiz4 Settings -l Model Library| o
= Volume Force
Domain Selection
Selection: |Manual 'l
1 +

@ (G df P

Results similar to 2"d Order Slip

» Override and Contribution
~ Equation

Show eqguation assuming:

IStudy 1, Stationary

pu-Viu=V -[—pl + p(Vu +(Vu)T) - %MV -u)l] +F

~ Volume Force Need to introduce a Volume force

Volume force;

B e S Nfm
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Dusty Gas: Binary Molecular Flow

.0 @

Diffusion

.
g\/. 0-°

Diffusion

The larger particles are more
likely to collide with other
particles and transfer their
momentum to other particles.
The momentum transfer from
the wall is more likely to be
moved towards the center

Molecular diffusion will move
the species toward the lower
concentration, dragging some
of the larger molecules
forward and holding some of
the smaller molecules back
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Binary Flow through Pore

Dusty Gas Model

Flux of species “a” is given by

Fickian Diffusion Binary Diffusion

\ 4

XaDg [|DaV gt IDsV cal
N,=—D,Ve— c'.'-D::ll a¥Cal |5 ﬁll-l-xn_-""-.”_

/ Dap | Xg¥atXpys | \

Knudsen Diffusion

o Viscous Flux
Molecular Diffusion

where c is the molar density of the gas mixture, the subscript a and b indicates the restrict to the

particular species, x is the fraction, D s a diffusion coefficient, and vy are ratio of diffusion
coefficients.

Fickian Diffusion is partial pressure driven
Knudsen Diffusion adds a total pressure component
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Modeling Binary Flow Model @

» Each species separately modeled with their own CFD physics using the same mixture viscosity, but the
gas densities are based on the individual molecular weight and the slip constants depend on the species.

» Flow of the gas mixture is weighted average of the flow of these individual components.

» Mole fraction approximated from relative velocity changes for each species (a PDE model of the mole
fraction can be included for molecular diffusion effects)

With Slip Conditions, Mole
Fraction varies across pore

He Mole Fraction - no slip with molecular interaction (Pout 200 psia & dP 40 psi)

1 1 T T 1 1 1 Al
500
I I ]
He Mole Fraction - 2nd order slip with molecular interaction (Pout 80 psia & dP 40 psi) He Mole Fraction - 2nd erder slip with molecular interaction (Pout 200 psia & dP 40 psi)
A 0611 ' ' ' ' ' ' ' A 06221
500 | 500 F ]
0.62 0.62
450 | 450 b
400 | 400 +
0.615 0.615
350 350
E £
0.61
% 300 - = 300 | 0.61
g g
H P
2 ©
2 350 | o
o 5 230r
5 0,605 = 0.605
H [
v 200 3 200 |
g g
150 b 0.6 150l 0.6
100 100 F
0.595 0.595
50 =0 b
§ 0.59
0 ol 0.59
0 0.5 1 1.5 2 2.5 3 . ! : ! . ! .
. . 0 0.5 1 1.5 2 2.5 3
Pore Radial Distance (nm) ¥ 0.5939 Pore Radial Distance (nm) ¥ 0.5876
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Impact of Binary Mixture on Knudsen Number @

Mean Free Path of Gas Component in Mixture
For a molecule in a binary gas mixture, the mean free path is given by
1
nymo2 V2 + ngmol, v“’m
where n;is the number density, o; is the collision diameter, and m; is the molecular weight.

AL =

Change of Average Kn in Gas Mixture (at dP 40 psi & 60% He)

10 _\'\\ —— Avg He Kn in mix |
\‘_: —— Avg N2 Kn in mix
In the Binary Mixture, the mean T\ " aruenzic

free path used in the wall ot
boundary condition needs to be
modified for the species
interactions

Knudsen Mumber

20 40 60 80 100 120 140 160 180 200
Outlet Pressure (psig)
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Impact of Molecular Interaction on Velocity @

» The molecular interactions reduces the velocity of each species through the pore
 Impacted by change in mean free path

 Higher Knudsen have higher speeds
» Molecular interaction has greater impact for higher Knudsen Number

» Permeance of Gas Mixture is lower than weighted average permeance of species

Axial Velocity along wall with and without Interaction (m/s)

—— He Wall 20 psia with

§.5 L | —— He Wall 80 psia with
—— He Wall 20 psia wo
6r He Wwall 80 psia wo

—= N2 Wall 20 psia with
N2 Wall 80 psia with

g L e N2 Wall 20 psia wo
-------- NZ Wall 80 psia wo

Axial velocity (mis)

0 50 100 150 200 250 300 350 400 450 500
Tube Length (nm)

5.6 nm pore with 40 psi pressure drop and 60 mole% Helium
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Transition Flow in COMSOL

4 X Transitional Flaw (tren)
4 B Flow Properties1
e Equation View
S walll
= Continuity on Interior Boundary 1
B Initial Values 1
S nletl
& Outlet1
Ead Equation View
4 %X Transitional Flow 2 (tran2)
& Flow Properties 1
B walll
25 Continuity on Interior Boundary 1
& Initial Values 1
=) Reservoirl
=) Reservoir 2
e Equation View
4 =* Laminar Flow 25lip (spf2)
o Fluid Properties 1
& Initial Values 1
B walll
B Inlet1
5 Outletl
El Equation View

4 %% Transitional Flow (tran)
4 B Flow Properties 1
b Equation View
25 Wall 1
b Equation View
&3 Continuity on Interior Boundary 1
b Equation View
& Initial Values 1
EInlet1
5 Outlet
b Equation View
4 %% Transitional Flow 2 (tranZ)
S walll
&3 Continuity on Interior Boundary 1
B Initial Values 1
= Reservoirl
= Reservoir 2
b Equation View
* Laminar Flow 2Slip (spf2)
& Fluid Properties 1
& Initial Values 1
S walll
S lnlet1
5 Outlet
b Equation View
4 /A Mesh1
Size
Free Triangular1
4~ Study 1
|7 Sten 1: Stationarv

h

h

|on )y |

Active

Based on

Override and Contribution
* Equation

Show equation assuming:

[ Study 1, Stationary

TG

T=L’ ¢, =+/RTIM,,, A:E"iﬁ'

I,chzs Z,‘Wﬂfﬂ
|on )| | £

Active

Cverricde and Contribution o - v
4 ¥ Transitional Flow (tran)

4 & Flow Properties 1
5 Equation View
4 B walll
b Equation View
4 &5 Continuity on Interior Boundary 1

¥ Equation

Show equation assuming:

[ Study 1, Stationary
)

fi= L , (Ej-Ug)-n <0 b Equation View
2E - ut w0l (Gi - Ueg) M) FEY B Initial Values 1
ALY S Inlet1
n
= Outlet1

G= 2 ((i-uUeg)-n>0)-((£;-ugg)-m) F;

P b Equation View
=1

4 0% Transitional Flow 2 (trand)
& Flow Properties 1
3 walll
&5 Continuity on Interior Boundary 1
& Initial Values 1
= Reservair 1
= Reservoir 2
b Equation View

¥ Inlet

Boundary condition:

P
fessure 4 =% | aminar Flow 25lip (spf2)

Pressure: & Fluid Properties 1

Po | po+dp & Initial Values 1

Boltzmann BGK
COMSOL method — Simplifies
Collision Operator term &)

11
[

Specify boundary Conditions in Different way

Show equation assuming:

[ Study 1, Stationary

fi= i
" X ool (Ei-um) ) £

. (- Ugy) - N <0

6= ) (E-ueg)-n >0)- (&~ ueg)-m) ;
&

¥ Reservoir

Boundary condition:

[ Reservoir pressure

Reservoir pressure:

Py pl+dp
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COMSOL models in the Transition Regime

Global Global: Transitional Flow (FMF BCs) (1) Global: Experiment (Dong 1856) o

Relative Flow Rate

10t

2
10 —— Laminar Flow (non-slip)

—— Laminar Flow (slip)
—— Transitional Flow (MS BCs)

Transitional Flow (FMF BCs)
| © Experiment (Dong 1956)

T L L L L L L L L L L Ly L L Lo L L L
1078 107 107t 10° 10!
Knudsen Number

From COMSOL’s Knudsen_Minimum Example
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Summary and Conclusions m

» Transition flow Modeling can be done in Multiple Ways

» Extension of Navier-Stokes (2" Order Slip, Self Diffusion ...)
« Approximation of Boltzmann Equation

» Developed multi-physics model to understand influence of slip
coefficient on single component flow

« Comparison of 1st and 2nd Order Slip

« Investigated the influence of pressure on local Kn

e Investigated the relation between slip order and slip coefficient for
helium and nitrogen flow

* Implementing in COMSOL

» Binary flow modeling

* Coupled the flow models of the individual species to get binary flow
« Composition varies in pore with slip
 Molecular interaction reduces velocity compared to individual species

® Trademark of The Dow Chemical Company.
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Case Study: Single Component Diffusion

» Approach

 Laminar Flow Physics in 2 dimensions assuming an infinitely wide channel
* |sothermal conditions, locally fully developed steady flow, and ideal gas behavior
« Maxwell’s slip velocity equation

r Parameters

~ Parameters

Name Expression Value Description
‘hchannel 1.14[um] 114E-6 m Channel Height
Lchannel 10000[um] 0.01m Channel Length
wchannel 200[um] 20E-4m Channel Width

Pin 33[bar] 33000.0 Pa Inlet Pressure

Pout Abar] 30000.0 Pa Cutlet Pressure
Temp 293.15[K] 293.2K Temperature

Mn 4.0029[g/mal] 0.004003 kg/mol Molecular Weight
Mdiam 210[pm] 21E-10m Molecular Diameter
mfpath k_B_const*Temp/(sqrt(2)*pi*(Mdiam*2)*(Pin+Pout)/2) 6.558E-7m Mean Free Path
KnudsenN mfpath/hchannel 0.5752 Knudsen Number
sigma 91 091 Wall reflect fraction
A2 23 0.23 2nd order slip coeff
PsqDiff (Pin"2-Pout”2)/2 9.45E7 kg?/(m*s*)  Average Difference of Press Square
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Single Component Diffusion: 15t order Slip

x107

10

Pin(5)=66000 Surface: Velocity magnitude (m/s)

-0.001

0 0001 0002 0003 0004 0005 0006 0007 0008 0009 001 0011

Velocity Profile with First Order Slip at
Pin= .66 bar (L) and =.303 bar (R)

A 01079

0.03
¥ 0028

Pin(2)=30300 Surface: Velocity magnitude (m/s)

1
-0.001

0

A 9.4658x10
%107
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85
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0001 0002 0003 0004 0005 0006 0007 0008 0009 001 00l1 ¥69487x107

Scaled Outlet Velocity (Velocity/MaxVelocity) (1)

Line Graph: Scaled Outlet Velocity (Velocity/MaxVelocity) (1)

3 4 5 B
y-coordinate (m)




Single Component Diffusion: 2" order Slip

Pin(3)=33000 Surface: Velocity magnitude (m/s)
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15t order Slip
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Knudsen Number Variation down the Pore @

He axial Pressure (psia) (outlet press 10 psig)

60 FL

o N I As pressure drops along the length of
™ —emess |1 pore, the Knudsen number changes.
ol S ﬁ For high pressure drop, the flow can
ol N : range from the slip flow regime to the

Knudsen regime

38

36 |

Knudsen Number 2.8 nm membrane

34+

32+

30 |

28 |

26 |

0 5 10 15 20 25 30 35 40 45 =%10°
z-coordinate [m)

With gas mixture, one component
could be in the Knudsen regime
while another is still in the transition
regime

Knudsen Number

There are a number of competing
models in the literature, so

experimentation is critical

Average Pressure (psi)
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