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Abstract 
 

Disinfection of drinking water is required to 

prevent the outbreak of water-borne diseases. 

Different treatment steps are available to 

disinfect the water, such as chlorination, 

ozonation or UV irradiation. The 

hydrodynamics of these processes play an 

important role in their performance. COMSOL 

Multiphysics was used to simulate the water 

flow in disinfection installations. Moreover, a 

particle tracking routine using the resolved 

flow fields from the COMSOL simulation was 

developed to calculate the movements of 

individual micro-organisms. The main 

advantage of a particle tracking (Lagrangian) 

method over an Eulerian method is that 

different quantities can be recorded for every 

particle, resulting in higher-order statistics for 

the desired quantity. The accuracy of a particle 

tracking method, however, is a point of 

concern. Special attention is needed to prevent 

particles from, unrealistically, accumulating at 

regions with low diffusion and to prevent them 

from virtually crossing the walls. The theory of 

stochastic differential equations was used to 

find the appropriate particle displacement 

equations that represent the advection-

diffusion process.  

The particle tracking technique was used to 

predict the disinfection in ozone contactors. By 

recording the amount of dissolved ozone 

exposed to each particle, a distribution of 

ozone exposures (CT-values) was obtained. 

The lowest CT-values are critical for 

disinfection. By changing the geometry – 

adding horizontal baffles or turning vanes – 

the lowest CT-values are increased, resulting 

in a more efficient design of ozone contactors. 

 

Introduction 
 

Disinfection of drinking water is required to 

prevent the outbreak of water-borne diseases. 

The disinfection aims to inactivate the micro-

organisms, so that they can no longer infect 

humans. Different treatment steps are available 

to disinfect the water, such as chlorination, 

ozonation or UV irradiation. The 

hydrodynamics of these processes play an 

important role in their performance. Ongoing 

development of computers and software 

technology allows detailed modelling of the 

water flow through reactors and the influence 

of the water flow on physical, chemical and 

microbiological processes taking place within 

them. COMSOL Multiphysics was used to 

simulate the water flow in disinfection 

installations. Moreover, a particle tracking 

routine using the resolved flow fields from the 

COMSOL simulation was developed to 

calculate the movements of individual micro-

organisms (bacteria, viruses etc.). 

 

For predicting disinfection processes, transport 

and mixing mechanisms of chemical and 

microbial species are important. The main 

advantage of a particle tracking (Lagrangian) 

method over an Eulerian method is that 

different quantities (e.g., residence time, ozone 

exposure) can be recorded for every particle, 

resulting in higher-order statistics for the 

desired quantity. The accuracy of a particle 

tracking method, however, is a point of 

concern (Zhang et al., 2007). A thorough 

examination of different particle tracking 

methods is therefore conducted and specific 

problems are addressed. For example, special 

attention is needed to prevent particles from, 

unrealistically, accumulating at regions with 

low diffusion and to prevent them from 

virtually crossing the walls, which is in 

practice not possible of course. The particles 

were assumed to represent micro-organisms or 

micropollutants that move entirely with the 

fluid (particles without gravity, drag or lift 

forces).  This approach is allowed if particles 

have a density close to the density of the fluid, 

and if they are smaller than the Kolmogorov 

length scales (~10
-4

 m), so that the velocity of 

the particle is the same as the fluid velocity 

(Baldyga and Orciuch, 2001), which is valid 

for micro-organisms in water (for example, 

one of the larger micro-organisms, Bacillus 

subtilis spores, has a length of 1-5 µm). The 

theory of stochastic differential equations was 

used to find the appropriate particle 

displacement equations that represent the 
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advection-diffusion process. The particle 

displacement was divided into an advection 

part and a diffusion part. From the theory of 

stochastic differential equations, numerical 

schemes were explored that modelled the 

diffusion of particles by random displacements 

accurately. The particle tracking scheme was 

tested for a channel flow. 

 

2. Materials and methods 
 

2.1 Stochastic differential equations 
 

The molecular motion of small-sized bodies, 

suspended in a liquid, is called Brownian 

motion, discovered by Brown (1829), and is 

further explained by Einstein (1905). Langevin 

and others tried to formulate the Brownian 

motion process in terms of differential 

equations, written as: 
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where Xt is a stochastic variable and dWt 

represents a random increment. The function 

f(t, Xt) represents a drift term and g(t,Xt) a 

noise term. This equation is known as a 

stochastic differential equation (sde) and 

requires a different approach than deterministic 

differential equations (Risken, 1984). 

The increments dWt are usually Gaussian with 

zero mean and a variance equal to dt. The 

increments can be generated by a Gaussian 

random number generator (with mean zero and 

variance 1): 

(2) (0,1)
t
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So the increment ∆Wt is a normal distributed 

random variable with mean zero and variance 

∆t. Instead of using a Gaussian distribution, 

which resulted in a Gaussian white noise 

process, we also investigated the use of a 

uniform distribution, which resulted in a 

uniform white noise process. The increments 

were then generated by a uniform random 

number generator (with mean zero and 

variance 1). 

 

The particle tracking routine must obey the 

advection-diffusion equation, which is given 

by: 
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using the Einstein summation convention 

(terms with a repeating index are summed up). 

Assuming an isotropic homogeneous diffusion 

process, the diffusion matrix reduces to: 
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The stochastic differential equations can be 

related to an Eulerian (advection-diffusion) 

process by considering the probability density 

function p(x,t|x0,t0), which gives the transition 

probability p(x,t|x0,t0)dx of Xt from the value x0 

at t0 into the interval (x, x+dx) at t. This 

probability density function can be obtained by 

solving the Fokker-Planck equation. The 

Fokker-Planck equation for the advection 

diffusion process becomes (Risken,1984): 
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The drift function and noise function from the 

sde (equation 1) can be determined from the 

Fokker-Planck equation (equation 4) in such a 

way that it corresponds to the advection-

diffusion process (equation 3): 
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The underlying sde that describes the 

advection-diffusion process is then equal to: 
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An additional term shows up in the drift term, 

representing the gradient of the diffusion 

coefficient. Without this term, particles will 

accumulate in regions with low diffusion, 

which is unphysical. Therefore, a transport 

term equal to the gradient of the diffusion 

needs to be included in the particle 

displacement function. For the numerical 

implementation, we separated the sde equation 

into an advection part and a diffusion part. For 

the advection part, the equation for the particle 

displacement then collapses to a deterministic 

differential equation. For the diffusion part, we 

took the sde (equation 7) without the term ui, 

which represents a Fickian diffusion process. 

 

2.2 Numerical schemes for particle tracking 

routine 

 

For the advection induced displacement of a 

particle, the following equation needs to be 

solved: 
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The most straightforward numerical scheme is 

the Euler scheme, which uses the velocity at 

the previous time step to calculate the new 

position. However, the Euler scheme may lead 

to inaccurate results (Wols et al., 2010). 

Therefore, a fourth order Runge-Kutta scheme 

is used to solve the advection displacement. 

 

Different schemes are available that 

approximate the stochastic differential 

equation for the Fickian diffusion process. The 

schemes were derived from a stochastic Taylor 

expansion of the underlying sde (Stijnen, 

2002; Charles, 2007). Adding up more terms 

of the Taylor expansion leads to more accurate 

schemes.  

 

The Euler scheme is relatively straightforward 

and includes only first-order terms. The new 

position of the particle due to diffusion is 

given by: 
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For the Fickian diffusion process, the Euler 

scheme becomes: 
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A higher order scheme is the Milstein scheme, 

where the second-order terms of the stochastic 

Taylor expansion are included (Platen en 

Kloeden, 1992).  The new position of the 

particle then yields: 
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For the Fickian diffusion process, the Milstein 

scheme becomes: 

(12)
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The combined displacement of the particles 

consists of the advection displacement and 

diffusion displacement (equation 12). 

 

 

 

 

 

 

3. Implementation in COMSOL 
 

The particle tracking routine uses the resolved 

flow fields from a COMSOL Multiphysics 

computation. A turbulent flow model (using 

the k-ε turbulence model) is solved in 

COMSOL v3.5a. A Matlab routine is 

developed to calculate the particle 

displacements using the results of the 

COMSOL calculation. The resolved velocity 

fields (u, v and w) are used to determine the 

advection step, whereas the resolved turbulent 

kinetic energies (k) and dissipation (ε) are used 

to determine the diffusion step. The diffusion 

coefficient is then equal to: 

(13) 
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where Cµ is a constant in the k-ε model. 

 

The performance of ozone systems is 

determined by recording the amount of 

dissolved ozone exposed to each particle, 

which results in a distribution of ozone 

exposures (CT-values). The (dissolved) ozone 

concentration is determined in COMSOL by 

the advection-diffusion model, where the 

decay of ozone is modelled as a first-order 

decay. 

 

4. Results 
 

4.1 Test case: wall treatment 

 

A challenge for diffusion schemes is to prevent 

particles from unrealistically crossing a closed 

wall. The two numerical schemes were 

therefore examined for a simple case with a 

non-uniform diffusion field. A two-

dimensional square domain (40x40 elements) 

was chosen. In Figure 1 on the left, the noise 

term (g) is displayed. The diffusion was set to 

zero on the outer ring of the domain, so that 

x=±L/2 and y=±L/2 acted as virtual walls. 

Particles were not allowed to enter the outer 

region bounded by these virtual walls. In 

Figure 1 on the right, the drift term (f) is 

shown, which prevents the particles from 

accumulating at regions with low diffusion. 

Two different types of white noise were 

investigated: Gaussian white noise and 

uniform white noise, both processes had a 

random increment with mean zero and 

variance one. A total number of 1000 particles 

were released at the centre of the domain. The 

particles positions after 1000 time steps of 

∆t=0.1 s are shown in Figure 2. The particles 



 
Figure 1 Left panel: Non-uniform diffusion coefficient (maximum displacement of a particle in one step is given 

by: Ymax=√(2Dmax∆t)). In the outer region, the diffusion was set to zero to simulate a wall. Right panel: Drift term 

corresponding to the diffusion field. 

 
Figure 2 Particle distributions (in 2D) for different numerical schemes. The particles that had moved through the 

virtual walls are highlighted by a red circle. 

 

that had moved through the virtual walls are 

highlighted by a red circle. For the Euler 

scheme, almost all the particles had crossed the 

walls. The results were much better for the 

Milstein scheme. Using the Gaussian white 

noise a few particles had crossed the wall due 

to large increments in the Gaussian process, 

whereas using the uniform white noise no 

particles had crossed the wall. In contrast with 

the Gaussian white noise, for the uniform noise 

process the random increments are bounded 

(between -√3 and √3), so that particles were 

less likely to cross the wall. Of course, by 

further raising the time step or diffusion 

coefficient, particles cross the wall for all the 

methods, but it still holds that for the uniform 

white noise, particles are least likely to cross 

the wall. Using this method with not too large 

time steps (Courant-Friedrichs-Lewy number 



not larger than 1), no special treatment, such as 

bouncing, is necessary at the wall. Therefore, 

the uniform white noise in combination with 

the Milstein scheme was used.  

 

4.2 Test case: diffusion properties 
Two test cases were considered to evaluate the 

diffusion properties of the above mentioned 

Milstein scheme. A two-dimensional square 

domain was chosen (40x40 elements). For the 

first case, the diffusion coefficient was 

constant in x-direction and varied in y-

direction (Figure 3). The maximum 

displacement was of the same order of 

magnitude as the element size. At the walls, 

the diffusion coefficients were set to zero, so 

no particles were allowed to cross the walls. 

Particles were initially uniformly distributed 

over the domain. The distribution must remain 

uniform, because there was no concentration 

gradient. With an inaccurate particle method 

the particles will accumulate in the regions 

with lower diffusion and cross the walls. But 

in the case of the Milstein scheme as 

implemented in equation 12, the particle 

distribution should remain uniform. In Figure 

3, the particle density in x- and y-direction is 

shown at different time steps. The particle 

distributions remained uniform, confirming 

that this method prevents particles from 

accumulating at regions with low diffusion and 

prevents particles from crossing the wall. 

For the second test case, the same domain was 

chosen, but the diffusion coefficient was set 

constant over the domain to evaluate the 

diffusion properties. After an initial release of 

particles in the middle of the domain, the 

distribution of particles must spread out 

according to a Gaussian distribution, given by 

(in 2D): 
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where M represents the initial mass. The 

analytical solution as well as the particle 

distribution are shown in Figure 4. Both 

distributions coincide, indicating that the 

diffusion properties were properly addressed 

by the numerical scheme. 

 
Figure 3 Particle distributions (in 2D) for a non-uniform diffusion coefficient in y-direction (Ymax=0.026L, Np=10 

000). 

 
Figure 4 Particle distributions (in 2D) for a uniform diffusion coefficient (Ymax=0.01L, Np=10 000). 



 
4.3 Test case: channel flow 
The combination of an advection and diffusion 

displacement was tested for a simple channel 

flow, given by Elder (1959). Elder assumed a 

logarithmic (horizontal) velocity profile over 

the height (u(y)) equal to: 

(15) *( ) 1 ln
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and a parabolic diffusion profile D(y): 
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where um is the mean velocity (m/s) and u* is 

equal to the shear velocity (u*=√cf um, [m/s], 

friction coefficient cf=3·10
-3

), h represents the 

water depth and κ represents the Von Karman 

constant (κ=0.41). Elder used the theory of 

Taylor (1954) to derive a longitudinal 

dispersion coefficient (DL, [m
2
/s]): 

(17) 
*

5.86
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The spreading in longitudinal direction 

(averaged over the depth) is reproduced by a 

Gaussian distribution. The particle distribution 

over the depth is expected to become uniform 

after a peak release of particles over the middle 

of the height. 

 

Particle displacements were simulated for the 

given velocity and diffusivity profile. A pulse 

injection of 10 000 particles at x=0 and y=0 (in 

the middle of the channel) was used. The 

particle distributions at different time steps are 

presented in Figure 5. The longitudinal particle 

positions were corrected with the mean 

velocity, so that a distribution was formed 

around the point x-umt=0. After a while, the 

particles were uniformly distributed over the 

depth and approximated to a Gaussian 

distribution in longitudinal direction. No 

particles had crossed the wall. The dispersion 

coefficient converged to the theoretical value 

of Elder. The test case showed that the particle 

tracking technique for a combined advection 

and diffusion problem leads to accurate results. 

 

5. Application 
 

The particle tracking technique was used to 

calculate the CT-value distribution in ozone 

contactors. A smaller distribution results in a 

better disinfection. Various designs of ozone 

contactors are evaluated. The ozone contactor 

at the Leiduin WTP of Waternet (Amsterdam 

Water Supply) was taken as a reference. A 

flow rate of 2000 m3/h per contactor was used 

for the CFD calculations. A configuration 

without baffles after the bubble column was 

considered to investigate the effect of the 

vertical baffles in the reference contactor. 

Geometries with additional baffles and turning 

vanes that reduce short-circuiting were also 

investigated. Besides the contactor systems, a 

plug flow system was considered, because it

 
Figure 5 Particle distribution in x-direction and y-direction for a channel flow of Elder (1959), h=0.5 m, ∆t=0.2 s. 



represents an ideal hydraulic configuration. 

Comparing the contactors with suboptimal 

hydraulics to the ideal configuration showed 

the potential improvement in disinfection 

capacity. The plug flow was modelled as a 

flow between two plates (length = 200 m, 

height = 2 m). The ozone was injected 100 m 

downstream of the reactor inlet, so the velocity 

profile between the plates was expected to be 

fully developed. Mean residence times defined 

from the injection of ozone to the outlet of the 

reactor were in the same range as for the baffle 

contactors. For the reference contactor, the 

residence times were validated by 

measurements, reported in Wols et al. (2008). 

 

5.1 Flow fields and ozone concentrations 

 

In Figure 6 on the left, the flow fields are 

depicted for the contactor variants. For the 

reference contactor, the velocities increased 

above and below the baffles. This resulted in 

regions with high velocities that caused short-

circuits. At the fifth baffle, velocities were 

even higher, because this baffle is higher than 

the other baffles. Flow separation occurred 

downstream of the baffles resulting in a large 

recirculation zone. In the case of no baffles a 

very large recirculation zone developed that 

occupied the complete contactor. The high 

velocities underneath the baffle were reduced 

by the shear layer that had spread out over the 

height. Additional baffles reduced the strength 

of the large recirculation zones as well as the 

strength of the short-circuit flows. The turning 

vanes had similar effects. 

In Figure 6 on the right, the ozone 

concentrations for a decay coefficient of 

2.5·10
-3

 s are depicted. By assuming a 

complete mixing between (dissolved) ozone 

and water after the bubble column, a uniform 

(dissolved) ozone distribution underneath the 

baffle upstream was set as an initial condition. 

Increasing the number of baffles and therefore 

reducing the size of the recirculation zones 

resulted in a more uniform distribution of the 

dissolved ozone in the contactor.  

 

5.2 CT-value 

 

A number of 5000 particles were released 

instantaneously at the inlet. While the particles 

moved towards the outlet of the contactor, the 

ozone exposure of each particle accumulated 

until the end of the installation was reached. In 

Figure 7, the particle trajectories of a particle 

with the lowest ozone exposure and an average 

ozone exposure are shown. The combination 

of diffusion (random displacement) and 

advection can be clearly seen form the particle 

trajectories. The accumulated CT-value of the 

particle is indicated by the colour. The micro-

organisms with the lowest ozone exposure are 

critical for disinfection.  

 
 

 
Figure 6 Flow fields (left panel) and ozone concentrations (right panel) for alternative contactor 

geometries. 

  



 
 

Figure 7 Particle tracks that represent the movements of micro-organisms inside the different 

contactors. The CT* (dimensionless ozone exposure) is indicated by the colour. For each contactor 

variant, the two tracks with the lowest and mean CT value are provided. 

 

The CT value was recorded for every particle 

reaching the outlet, from which a distribution 

of CT values was constructed (Figure 8). The 

distribution of CT values provided a complete 

overview of the performance of these ozone 

contactors. For the geometry without baffles, a 

peak occurred at the smallest CT values, 

caused by the (large number of) particles that 

left the contactor quickly through short-

circuiting. High CT values developed for 

particles that were trapped inside the large 

recirculation zone. For the reference 

configuration a narrower CT value distribution 

developed: the peak occurred at higher CT 

values, although the distribution was still 

asymmetrical and had a large tail at higher CT 

values. Improving the hydraulics by adding 

baffles or turning vanes narrowed the CT value 

distribution and shifted the peak towards a 

higher CT value. The distribution of CT values 

was obviously the narrowest for the plug flow 

configurations. 

 

 

 
Figure 8 Distribution of normalised CT values 

obtained from the ozone exposures of the 

particles at the end of the contactor 

(ks=2.5·10
-3

 s
-1

). 

 



6. Conclusions 
 

A particle tracking technique has been 

developed to determine the movements of 

micro-organisms in drinking water treatment 

installations. The theory of stochastic 

differential equations is applied to determine 

the displacement equations of the particles. 

The particle movements obey the advection-

diffusion process, whereby unphysical 

behaviour – particles crossing solid walls, or 

accumulating at regions of low diffusion – is 

prevented. The particle tracking technique is 

implemented in a Matlab routine, that uses the 

velocity fields and turbulence properties of the 

k-ε turbulence model of COMSOL 

Multiphysics.  

The particle tracking technique is useful for 

modelling disinfection processes in drinking 

water treatment, since the particles represent 

individual micro-organisms. Therefore, the 

design of ozone contactors is optimized using 

these modelling techniques. It can be 

concluded that by changing the geometry of 

the ozone installations – adding horizontal 

baffles or turning vanes – the lowest ozone 

exposures (CT-values) are increased, resulting 

in a more efficient design of these installations. 
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